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❊①❡r❝✐❝❡ ✶ ✭✸ ♣ts✮
❙♦✐❡♥t (E; d) ✉♥ ❡s♣❛❝❡ ♠étr✐q✉❡✱ A ✉♥ s♦✉s✲❡♥s❡♠❜❧❡ ♥♦♥ ✈✐❞❡ ❞❡ E ❡t x ✉♥ é❧é♠❡♥t ❞❡ E✳▼♦♥tr❡r q✉❡ ❧❡s tr♦✐s
❝♦♥❞✐t✐♦♥s s✉✐✈❛♥t❡s s♦♥t éq✉✐✈❛❧❡♥t❡s ✿

❛✮ x ∈ A

❜✮ d(x,A) = 0
❝✮ ✐❧ ❡①✐st❡ ✉♥❡ s✉✐t❡ (Un)n∈N ❞✬é❧é♠❡♥ts ❞❡ A q✉✐ ❝♦♥✈❡r❣❡ ✈❡rs x

❊①❡r❝✐❝❡ ✷ ✭✸ ♣ts✮
❙♦✐t E ❧✬❡s♣❛❝❡ ❞❡s ❢♦♥❝t✐♦♥s ré❡❧❧❡s ❝♦♥t✐♥✉❡s ❞é✜♥✐❡s s✉r I = [0, π]✳

❖♥ ♠✉♥✐t E ❞❡ ❧❛ ♥♦r♠❡ ‖f‖ ❛ss♦❝✐é❡ ❛✉ ♣r♦❞✉✐t s❝❛❧❛✐r❡ < f, g >=
∫

π

0
f(t)g(t)dt✳

▼♦♥tr❡r q✉❡ ❧❛ s✉✐t❡ (fn) ❞❡ E ❞é✜♥✐❡ ♣❛r

fn(0) = n, fn(x) = inf(n, x−
1

3 ) ♣♦✉r x > 0

❡st ✉♥❡ s✉✐t❡ ❞❡ ❈❛✉❝❤② ❞❡ ❧✬❡s♣❛❝❡ E✳ ❧✬❡s♣❛❝❡ E ❡st✲ ✐❧ ❝♦♠♣❧❡t ♣♦✉r ❝❡tt❡ ♥♦r♠❡ ❄

❊①❡r❝✐❝❡ ✸ ✭✻ ♣ts✮
❙♦✐t f : R2 −→ R ❞é✜♥✐❡ ♣❛r✿

f(x, y) =

{

x
2
y+xy

2

x2+y2 , s✐ (x, y) 6= (0, 0)❀

0, s✐ (x, y) = (0, 0) ✳

✶◦✮ ▲❛ ❢♦♥❝t✐♦♥ f ❡st✲❡❧❧❡ ❝♦♥t✐♥✉❡ ❡♥ R
2❄

✷◦✮ ❈❛❧❝✉❧❡r ∇f(x, y) ♣♦✉r (x, y) 6= (0, 0)✱ ❝❛❧❝✉❧❡r ❡♥s✉✐t❡ ∇f(0, 0)

✸◦✮ ▲❛ ❢♦♥❝t✐♦♥ f ❡st✲❡❧❧❡ ❞❡ ❝❧❛ss❡ C1(R2)

✹◦✮ ▲❛ ❢♦♥❝t✐♦♥ ❢ ❡st✲❡❧❧❡ ❞✐✛ér❡♥t✐❛❜❧❡ ❡♥ (0, 0)

❊①❡r❝✐❝❡ ✹ ✭✹ ♣ts✮
❖♥ ❝♦♥s✐❞èr❡ ❧❛ ❢♦♥❝t✐♦♥ f : R3 → R

3 q✉✐ ❡st ❞é✜♥✐❡ ♣❛r

f(x, y, z) = (x+ y2 + z, xy2z, x2z + xy)

❏✉st✐✜❡r ❧❛ ❞✐✛ér❡♥t✐❛❜✐❧✐té ❞❡ f ✱ ♣ré❝✐s❡r s❛ ❞✐✛ér❡♥t✐❡❧❧❡ ❡t s❛ ♠❛tr✐❝❡ ❥❛❝♦❜✐❡♥♥❡✳ P❡✉t✲♦♥ ❝❛❧❝✉❧❡r ❧❡ ❏❛❝♦❜✐❡♥ ❞❡
f❄

❊①❡r❝✐❝❡ ✺ ✭✹ ♣ts✮
❖♥ ❝♦♥s✐❞èr❡ ❧❛ ❝♦✉r❜❡ ♣❧❛♥❡ ❞✬éq✉❛t✐♦♥

yex + ey sin(2x) = 0 ✭✶✮

✶✳ ❱ér✐✜❡r q✉❡ ❧✬éq✉❛t✐♦♥ (1) ❞é✜♥✐❡ ✉♥❡ ❡t ✉♥❡ s❡✉❧❡ ❢♦♥❝t✐♦♥ y = ϕ(x) ❛✉ ✈♦✐s✐♥❛❣❡ ❞❡ (0, 0)✳

✷✳ ❈❛❧❝✉❧❡r ϕ
′

(0) ❡t é❝r✐r❡ ❧✬éq✉❛t✐♦♥ ❞❡ ❧❛ ❞r♦✐t❡ t❛♥❣❡♥t❡ ❛✉ ❣r❛♣❤❡ ❞❡ ❧❛ ❢♦♥❝t✐♦♥ ϕ ❡♥ ❧❡ ♣♦✐♥t (0, ϕ(0))

✸✳ ❊♥ ❞é❞✉✐r❡ ❧❛ ❧✐♠✐t❡ ❞❡ y

x
q✉❛♥❞ (x, y) t❡♥❞ ✈❡rs (0, 0)

❇♦♥ ❈♦✉r❛❣❡


